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In this paper we analyze the conditions when the Einstein equations with cosmological constant and
matter describe (2+1)–dimensional generic locally anisotropic (la) spacetimes of generalized Finsler
type. New classes of solutions for such la–spacetimes are constructed. There are investigated black
la–holes with the induced from general relativity la–curvature and la–torsions and, as a particular
case, the black la–hole solutions are found for teleparallel la–spaces. In a more general context
we consider the la–renormalization of black hole constants via the receptivity of la–spacetimes.
We speculate on the properties of (2+1)–dimensional black la–holes with unusual characteristics
defined by la–interactions of matter and gravity. The thermodynamics of black la–holes is discussed
in connection with a possible statistical mechanics background based on locally anisotropic variants
of Chern–Simons theories.
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I. INTRODUCTION
In recent years there has occurred a substantial in-
terest to the (2+1){dimensional gravity and black holes.
Since the rst works of Deser, Jackiv and ’t Hooft [8] and
Witten [25] on three dimensional gravity and the seminal
solution for (2+1){black holes constructed by Ba~nados,
Teitelboim, and Zanelli (BTZ) [2] the gravitational mod-
els in three dimensions have become a very powerful tool
for exploring the foundations of classical and quantum
gravity, black hole physics, as well the geometrical prop-
erties of the spaces on which the low{dimensional physics
takes place [4].
On the other hand, the low{dimensional geometries
could be considered as an arena for developing and in-
vestigation of unorthodoxal approaches in new gravity
theories and particle physics. One of peculiar features
of general relativity in 2+1 dimensions is that physical
solutions of vacuum Einstein equations are considered
for a negative cosmological constant and on a space of
constant curvature. There are not such limitations if a
generic more complex geometric structure of spacetime
is considered. For instance, we can extend our investi-
gations to generalized Finsler spaces [15,10] and higher
order anisotropic (super)spaces [19]. In this work we
shall underline models of locally anisotropic gravitational
interactions by starting from the Einstein gravity and
anisotropies of matter rather than by elaboration of new
variants of (2+1){dimensional Finsler like gravity.
We remind the reader some conclusions of Refs. [18{20]
that are essential to the present discussion. First, a
large subclass of metrics with generic local anisotropy,
parametrized by a corresponding ansatz, can be treated
in the framework of Einstein theory (Synge [17] used a
Finsler like metric for continuous media in general rel-
ativity). Second, the locally anisotropic classical and
quantum eld theories (in brief we shall use terms la{
gravity, la{strings, la{eld and so on) can be obtained
in the low{energy limit of modern (super)string theo-
ries. Third, by modelling la{interactions on generic an-
holonomic vector and/or tangent bundles provided with
compatible nonlinear and linear connections and metric
structures, one denes fundamental (gravitational, gauge
and spinor) elds and conservation laws, with respect
to adapted frames, in a manner similarly to the tetrad
gravity approach on Einstein{Cartan{Weyl spaces; the
Poincare (generalized Lorentz) symmetry can be locally
preserved for correspondingly constructed bundle spaces.
Forth, generalized theories with self{consistent interrela-
tion between anisotropies of geometric structures (metric,
connection, curvature and torsion) and of matter elds
(energy{momentum tensors, sources and eld equations)
could have a number of possible applications in modern
cosmology and astrophysics.
The specic goal of the present work is to formulate the
(2+1){dimensional locally anisotropic gravity theory and
to construct and investigate some classes of solutions of
Einstein equations on la{spacetimes. One of the tasks is
the derivation of fundamental la{geometrical objects and
la{gravity eld equations starting from Einstein theory.
A material of interest are the properties of the locally
anisotropic elastic media and rotating null fluid and la{
collapse described by gravitational eld equations with
la{matter. We investigate black hole solutions that arise
from coupling in a self{consistent manner the Einstein
gravity to locally anisotropic fluids with a correspond-
ing induction of spacetime local anisotropy. For certain
special cases the la{matter gives the BTZ black holes
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with/or not rotation and electrical charge and variants
of their anisotropic generalizations. For other cases, the
resulting solutions are generic black la{holes with "locally
anisotropic hair".
We emphasize that the la{gravitational eld has very
unusual properties. For instance, the vacuum solutions
of Einstein la{gravitational eld equations could describe
black la{holes with elliptic symmetry. Some subclasses
of such la{spaces are teleparallel (with non{zero induced
torsion but with vanishing curvature tensor) another are
characterized by untrivial, induced from general relativ-
ity, nonlinear connection and Riemannian curvatures and
torsions. In a more general approach the N{connection
and torsion are induced also from the condition that
metric and nonlinear connection must solve Einstein la{
equations.
The paper is organized as follows: In the next section
we briefly review the la{gravity in (2+1){dimensions. In
Sec. III we derive the energy{momentum tensors for
locally anisotropic elastic media and rotating null flu-
ids. Section IV is devoted to the local anisotropy of
(2+1){dimensional solutions with anisotropic matter, in-
duced from three dimensional general relativity. In Sec.
V we analyze the induced torsions and curvatures of
some solutions of Einstein la{equations, dene telepar-
allel black la{holes and construct la{renormalized BTZ
solutions. The nonlinear self{polarization of vacuum la{
gravitational elds and related topics on black la{hole so-
lutions are considered in Sec. VI. More general classes of
solutions describing interactions of la{gravitational eld
with la{matter are presented in Sec. VII. We derive some
basic formulas for thermodynamics of black la{holes in
Sec. VIII. Section IX provides a statistical mechanics
background for la{thermodynamics starting from the lo-
cally anisotropic variants of Chern{Simons and Wess{
Zumino-Witten models of la{gravity. An outlook and
discussion is given in Sec. X.
II. LOCALLY ANISOTROPIC SPACES AND
EINSTEIN GRAVITY
In this section we investigate the conditions when
the 2+1 dimensional general relativity with anisotropic
matter reduces to a gravitational theory with local
anisotropy. An introduction into the theory of la-spa-
cetimes modelled on generic anholonomic vector bun-
dles provided with compatible nonlinear and linear con-
nections and metric structures is presented. We note
that the geometric background for our approach to la{
spacetimes and rst applications in physics were elab-
orated by Miron and Anastasiei [15] with further de-
velopments for la{spinor bundles and la{superspaces in
Vacaru’s works [18,19].
A (pseudo)Riemannian metric in 2+1 dimensions is
written as
dbs2 = bg (u ) dudu , (2.1)
where u = (xi, y) are local coordinates, Greek indices
α, β, ... take values 1,2 and 3 and Latin indices are two
dimensional, i, j, ... = 1, 2. We parametrize the metric
tensor from (2.1) as
bg (u =  gij (u) Ni (u h (uγ)Nj (u h (uγ) h (u

(2.2)
and assume that there are satised the Einstein equations
bR − 12bg bR + bg = 2pi bT, (2.3)
where  and bT are respectively the cosmological con-
stant and energy{momentum tensor.
We dene a (2+1){dimensional locally anisotropic
space as a generic anholonomic manifold (in our case as a
vector bundle with a one dimensional ber, parametrized
by a coordinate y, over a two dimensional base space, lo-
cally parametrized by coordinates xi, i = 1, 2) provided
with structures of frame vectors













































= gi3(xj , y)/h(xj , y) (2.6)
if they are induced from a (pseudo) Riemannian metric
(2.1)) are treated as the coecients of a nonlinear con-












The N{connection eld models the local anisotropy
and denes a global (2+1){decomposition of spacetime
into a two-dimensional horizontal subspace and a verti-
cal one{dimensional (anisotropy) direction. On generic
la{spaces one must apply the adapted to N{connection
operators δ/∂u and δu instead of usual partial deriva-
tions ∂/∂u and dierentials du .
The symmetrical la{metric is written with respect to
la{bases (2.4) as
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(we omit ’hats’ for values on la{spaces). Such metrics
have been used for modelling of generalized Finsler and
Lagrange geometries [15] and Finsler{Kaluza{Klein (su-
per)gravities on (super)vector bundles provided with N{
connection structures [18{20].
A (2+1){dimensional locally anisotropic spacetime in-
duced from Einstein gravity is also characterized by its
anholonomic coecients wγ , dened by the antisym-
metric product
[δδ − δδ] = wγδγ ,
and by its distinguished linear connection (d{connection)
















































Some N{connection, d{connection and d{metric struc-
tures are compatible if there are satised the conditions
(2.5) and
Dgγ = 0.
The torsion, T (δγ , δ) = Tγδ, and curvature,
R (δ , δγ) δ = R  γδ, d{tensors of a d{connection D
(in brief, one uses respectively the terms d{torsion and
d{curvature) are introduced in a standard manner:
Tγ = Γ

γ − Γγ + wγ (2.11)
and
R  γ = δΓ

γ − δγΓ + (2.12)
Γ’γΓ

’ − Γ’Γ’γ + Γ’w’γ .
For the induced from the Einstein gravity d{connection
(2.10) (called a metrical d{connection) the 2+1 compo-
nents of torsion (2.11) and curvature (2.12) are respec-
tively computed as distinguished by N{connection struc-
ture tensors (d{tensors, dened by the tensor algebra
with respect to la{bases (2.4) and (2.5)):
Tγ = fT ijk, eRkj , ePk, Cg,
where
T ijk = L
i




R  γ = fR ij kh, R 3j k3, P ij k3, P 33 k3g,
where
R ij kh = δhL
i
jk − δkLijh +
LljkL
i
lh − LljhLilk + CiJ eRkh, (2.14)
R 3h k3 = δhLk − δkLh + C eRkh,
P ij k3 = ∂(y)L
i









jk − Chj Lihk,
P 33 k3 = ∂(y)Lk −
∂C
∂xk
+ ∂(y) (CNk) .
The Ricci d{tensor (nonsymmetric for generic la{spaces)
of a d{connection is obtained by contracting the second
and forth indices of curvature d{tensor (2.12),
Rγ = R  γ = fRij ,−P (2)i , P (1)j , 0g, (2.15)









The scalar curvature is dened by using the inverse
matrix to the d{metric (2.9),
R = gR = gijRij . (2.16)
The Einstein equations for a metrical d{connection
(2.10) in a la{space are introduced [15] with respect to
generic anholonomic frames (2.4) and (2.5):
Rγ − 12gγR = 2piγ, (2.17)
where the energy{momentum d{tensor γ includes the
cosmological constant terms and possible interactions
with locally anisotropic torsion (2.11) and matter and
the coupling constant k = 2pi is chosen in a usual
form for (2+1){gravity [2,12]. There are variants of la{
gravitational eld equations derived in the low{energy
limits of the theory of locally anisotropic (super)strings
[19] or in the framework of gauge like la{gravity [22,20].
On the total space of a vector bundle whose bers are
one{dimensional the equations (2.13) are written
Rij − 12gijR = 2piij , (2.18)
P
(1)






where ij ,3j,i3 and 33 are components of the en-
ergy momentum d{tensor for locally anisotropic matter.
For a (2+1){dimensional la{spacetime provided with
some compatible N{connection, d{connection and sym-
metrical d{metric (we can consider a more general, also






where Pγ , is a deformation d{tensor of a metric d{
connection (2.10)) the system of la{gravitational eld
equations (2.18) contains nine equations for nine un-
known functions on (xi, y) : g11, g12, g22, h,N1, N2, T^ 112,




12 being deformations of d{
torsions induced by deformations of d{tensors. We em-
phasize that a Cauchy problem posed for the dynamical
components of a d{metric must be compatible with the
constraints imposed by the N{connection and d{torsion
deformations. In Ref. [22] there are considered models of
gauge la{gravity with dynamical d{torsion. Here we note
that for la{spacetime dimensions d(la) = n + m > 3 the
system of la{gravitational equations (2.17) is not closed.
The components of N{connection and d{torsion can be
treated as prescribed values dening a priory given lo-
cal anisotropy or they must satisfy some eld equations
and/or constraints induced from a more general (for in-
stance from (super)strings and (super)gravity models)
theory. A similar situation takes places even for (2+1){
dimensional spaces if some of the equations from the sys-
tem (2.18) are degenerated (see examples in the next sec-
tions). In this case a general solution for a d{metric de-
pends on some arbitrary N{connection coecients. For
simplicity, in this paper we shall restrict our analysis for
particular classes of solutions describing la{spacetimes
with d{metrics for constant receptivities and for suitable
choices of N{connection structure.
Some examples of la{matter d{tensors will be con-
structed in the next section. We note that in our consid-
erations we shall not introduce la{matter d{tensors de-
ned by la{spacetime d{torsions and N{curvature which
are treated as characteristic spacetime values.
In Sec. IV we shall consider models of la{gravity when
the nonlinear connection coecients Ni(xi, y) and, in
consequence, the torsion (2.11), are induced from the
Einstein gravity by metrics of type (2.2). In this case
the system of la{gravitational eld equations (2.17), or
(2.18), is equivalent to Einstein equations (2.3). Then,
in Sections V{VII the N{connection will be treated as an
anholonomic constraint on the spacetime metric which
gives rise to a more general local anisotropy; the coe-
cients of such N{connections will be found from the con-
dition that a prescribed class of d{metrics must solve the
Einstein la{equations.
III. ENERGY{MOMENTUM D{TENSORS FOR
LOCALLY ANISOTROPIC MEDIA
Following DeWitt approach [24] and recent results on
dynamical collapse and hair of black holes of Husain and
Brown [12], we set up a formalism for deriving energy{
momentum d{tensors for locally anisotropic matter.
Our basic idea for introducing a local anisotropy of
matter is to rewrite the energy{momentum tensors with
respect to locally adapted frames and to change the usual
partial derivations and dierentials into corresponding
operators (2.4) and (2.5), "elongated" by N{connection.
The energy conditions (weak, dominant, or strong) in
a la{background have to be analyzed with respect to a
la{basis.















as a functional on region V, of the la|metric g and
the Lagrangian coordinates zi = zi (u) (we use under-
lined indices i, j, ... = 1, 2 in order to point out that the
2{dimensional matter space could be dierent from the
base of the vector bundle on which a la{spacetime is mod-
elled). The functions zi = zi (u) are two scalar la{elds
whose la{gradients (with partial derivations substituted
by operators (2.4)) are orthogonal to the matter la{world
lines and label which particle passes through the point





is the proper la{volume inte-
gral of the proper energy density ρ in the rest la{frame of
















which is interpreted as the inverse d{metric in the rest
la{frame of the matter.
Using the d{metric hij and la{fluid velocity V , de-
ned as the future pointing unit d{vector orthogonal to
d{gradients δzi, the la{spacetime d{metric (2.9) of sig-
nature ({,+,+) may be written in the form
g = −VV + hjkδzjδzk
which allow us to dene the energy{momentum d{tensor
for elastic la{medium as




= ρVVγ + tjkδzjδγzk,




















= J 6= 0
4
and this expression must be treated as a generalized type
of conservation law with a geometric source J for the
divergence of la{matter d{tensor [15].
The isotropic elastic la{medium is introduced as one
having equal all principal pressures with stress d{tensor
being for a perfect fluid and the density ρ = ρ (n) ,
where the proper density (the number of particles per











is the number of par-
ticles per unit coordinate cell δ3z. With respect to a la{









in (3.2), the energy{momentum d{tensor (3.1) for a
isotropic elastic la{medium becomes







(gγ + VVγ) .
The anisotropic elastic la{medium has not equal prin-
cipal pressures. In this case we have to introduce (1+1)





, where n1 and n2 are respectively the
particle numbers per unit length in the directions given



















































we obtain from (3.1) the energy{momentum d{tensor for
the anisotropic la{matter































in the direction v1j








tion v2j . For instance, if for the (2+1){dimensional la{






, z1 (u) = r, z2 (u) = θ,
r and θ are correspondingly radial and angle coordinates
on la{space, we have








The anisotropic elastic la{medium described here sat-
ises respectively weak, dominant, or strong energy con-
ditions only if the corresponding restrictions are placed
on the equation of state considered with respect to a la{
frame (see Ref. [12] for similar details in locally isotropic
cases). For example, the weak energy condition is char-
acterized by the inequalities ρ  0 and ∂ρ/∂n1  0.
In the simplest case one shall use an anisotropic la{









where the functions C1 and k1 are constants in the
isotropic limit, and, from (3.3), the energy{momentum
d{tensor is














denes the principal pressure in the v1j {direction.
The explicit form of dependencies of k1 and C1 on vari-
ables (xi, y) is to be dened from the state equations of
la{matter in la{spacetime. In this paper we shall try to
nd solutions of la{gravitational equations when a pre-
scribed form of la{state equations is chosen in a simi-
lar fashion (with respect to la{frames) as in the locally
isotropic limit; we shall have to clarify if it is admitted a
corresponding compatible N{connection structure.
In radial coordinates (t, r, θ) (with −1  t < 1, 0 
r <1, 0  θ  2pi) for a spherically symmetric d{metric
(2.9),
δs2 = −f (r) dt2 + 1
f (r)
dr2 + r2δθ2, (3.6)
where
δθ = dθ +N1 (t, r, θ) dt+N2 (t, r, θ) dr,
the d{tensor (3.5) can be rewritten as
 = ρ (r) (vw + vw)
+ P (r) (g + vw + vw) ,





















(v − w) .
In order to investigate the dynamical spherically sym-
metric, but locally anisotropic, collapse solutions it is
more convenient to use the coordinates (v, r, θ) , where
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the advanced time coordinate v is dened by dv =
dt+ (1/f)dr. The d{metric (2.9) may be written as
δs2 = −e2 (v;r)F (v, r) dv2 +2e (v;r)dvdr+ r2δθ2, (3.7)
where the mass function m (v, r) is dened by F (v, r) =
1−2m (v, r) /r. Usually, one considers the case ψ (v, r) =







+ ρ (v, r) (vw + vw)
+ P (v, r) (g + vw + vw)
with the eigen d-vectors v = (1, 0, 0) and w =
(F/2,−1, 0) and the non{vanishing components
vv = ρ (v, r)










vr = −ρ (v, r) ,  = P (v, r) g.







+ 2dvdr2 − j (v) dvdθ + r2δθ2,
with the Einstein eld equations (2.16) reduced to
δm (v)
dv
= 2piρ (v) ,
δj (v)
dv
= 2piω (v) (3.9)
having non{vanishing components of the energy{mo-







, v = −ω (v)
r
,
where ρ (v) and ω (v) are arbitrary functions.
The d{metric (3.8) and equations (3.9) transforms into
theirs locally isotropic variants [4] if there are substituted
usual partial derivations and dierentials instead of N{
elongated partial derivations and dierentials.
In a similar manner we can dene energy{momentum
d{tensors for various systems of locally anisotropic dis-
tributed matter elds; all values have to be considered
with respect to la-bases of type (2.4) and (2.5).
IV. THE LOCAL ANISOTROPY OF
(2+1){DIMENSIONAL BLACK HOLES WITH
MATTER
We now give an alternative interpretation of some
(2+1){dimensional black hole solutions of Einstein equa-
tions coupled with anisotropic matter [4,12,2].
A. The local anisotropy induced by a rotating null
fluid
Let us consider the locally isotropic limit of the d{
metric (3.8) (when δy ! dy) parametrized by the matrix
bg =
24 g1 (v) + g2 (r) 1 − j(v)21 0 0
− j(v)2 0 r2
35 (4.1)
which solves the locally isotopic variant of Einstein equa-
tions (2.3) (equivalently, the equations (2.18) with usual
partial derivations) if
g1 (v) = m (v) and g2 (r) = r2. (4.2)
The induced N{connection has components
N1 = − j (v)2r2 and N2 = 0 (4.3)
with a non{vanishing N{curvature (2.7),
Ω12 = −Ω21 = j (v)
r3
. (4.4)

















x1 = v, x2 = r

are the base coordinates and y =
θ is the ber (anisotropy) coordinate.
By applying formulas (2.9),(2.10),(2.13) we compute
the non{vanishing components of the metric d{torsion
(2.11),
eR12 = − eR21 = j (v)
r3
, (4.5)
eP1 = 14 j (v)r2 , eP2 = 1r .



























= 8piρ (v, r) ,
∂2g2 (r)
∂r2
= 4piP2 (v, r) ,
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where the non{zero components of energy{momentum d{
tensor for a la-fluid (3.1) are taken as
11 = ρ (v, r) and 33 = h (v, r)P2 (v, r) . (4.6)
In summary, to this subsection, we conclude that
the dynamics of (2+1){dimensional solution of Einstein
equations (2.3) for a rotating null fluid with metric (4.2)
can be equivalently modelled on a la{spacetime by la{
gravitational equations (2.18) with a diagonal energy mo-
mentum d{tensor for la-fluid (4.6) having components
ρ (v, r) = j (v) /4r, P1 = 0 and P2 (v, r) = /2pi. The
induced la{spacetime (by coupling the Einstein equations
with anisotropic matter in the framework of general rel-
ativity) posses a untrivial nonlinear connection structure
(4.3), with N{connection curvature (4.4), and d{torsion
(4.5).
B. The local anisotropy of an inhomogeneous and
non{static collapsing null fluid
Let us analyze the locally isotropic limit of d{metric
(3.7) (for δy ! dy) when in coordinates (v, r, θ) ,
bg =




g (v, r) = − (1− 2s (v)) + 2c (v) r1−k + r2, (4.8)
is given by arbitrary functions s (v) and c (v) with posi-
tive ∂s(v)/∂v and ∂c(v)/∂v. The metric (4.7) with g (v, r)
from (4.8) is a solution of the (2+1){dimensional Einstein
equations for the locally isotropic variant of the null fluid
stress{energy tensor (3.7) with equation of state P = k _ρ
[12] (we note that the BTZ black hole [2] could be ob-
tained as a particular case when both s (v) = const and
k = 1).

















x1 = v, x2 = r

are the base coordinates and
y = θ is the ber (anisotropy) coordinate and the N{
connection is considered to depend only on (v, r) , not
obligatory induced from a (pseudo){Riemannian metric
of type (2.2),
N1 = N1 (v, r) and N2 = N2 (v, r) . (4.10)
By a similar calculus as in the previous subsection we
nd that a d{metric (4.9) with a generic N{connection
(4.10) is characterized by the values:
the N{connection curvature (2.7) is





the non{vanishing d{torsion components (2.13) are
























































The corresponding to (4.9) and (4.10) la{gravitational












h = 4pi33 (v, r) . (4.12)
The general dynamics of la{eld equations with a
N{connection of type (4.10) can be modelled in a self
consistent manner for a energy{momentum d{tensor






’ 22 = 0, and density ρ(v, r) = 11 = −33,
see (3.4). One can also consider the inverse task when
we try to dene some compatible la{constraints on a
gravitational{matter eld system, i.e. the coecients
N1and N2, which allows (if possible, equivalent) a lo-
cally anisotropic description of the d{metric components
g (v, r) and h (v, r) induced from a usual solution of Ein-
stein equations.
A subclass of particular solutions of the system (4.11)
and (4.12) is parametrized by arbitrary componentsN1 =










A dynamical solution of Einstein la{equations (2.18) can
be generated for a given density of la{matter ρ(v, r) if
functions n(v, r), g(v, r) and h(v, r) are chosen to be com-
patible and satisfy some Cauchy’s conditions.
7
We stress (analyzing (4.13) and (4.14)) that in la{
gravity the locally anisotropic density of matter in-
duces corresponding la{anisotropies of metric and N{
connection. If the coecient g(v, r) is taken that from
(4.8) and (4.9) we obtain a class of solutions for d{metrics
of type (3.7) describing the locally anisotropic collapse of
an inhomogeneous and non{static null fluid. A particu-
lar case of locally anisotropic but spherically symmetric
solutions with d{metric of type (3.6) is generated from
(4.13) when h(v, r) = r2, if there are considered depen-
dencies only on radial coordinate, i. e. g(v, r) = f (r)
and ρ = ρ (r) . This type of la{black holes is charac-
terized by a non{vanishing component of N{connection
(4.14), n(r) = −4piρ(r)f (r) (df/dr)−1 .
V. LA{SPACES WITH INDUCED TORSIONS
AND CURVATURES
In the last section we emphasized that the la{spaces in-
duced from Einstein (2+1){dimensional gravity are char-
acterized by untrivial N{connection and torsion struc-
tures. In this case the condition of vanishing (for vac-
uum la{gravitational solutions) of the Ricci d{tensor
(2.15), in general being nonsymmetric, does not im-
pose the vanishing of the Riemannian d{tensor (2.12)
with curvatures (2.14). The reach geometric structure of
la{spacetimes is described by various classes of untriv-
ial (2+1){dimensional solutions of la{gravitational eld
equations (2.18) for a vacuum case and/or with a pre-
scribed locally anisotropic distribution of matter. For
instance, there are spaces with vanishing curvature but
with nonzero torsion which are called teleparallel [7]; in
our case the torsion is for a la{spacetime [23] and we
must include into consideration the N{connection and its
N{curvature. The teleparallel la{spaces are dened by
zero d{curvatures (2.14) and untrivial values of torsions
(2.13) and N{curvature (2.7). Another class of (2+1){
dimensional solutions is that of vacuum la{gravitational
elds with both non{vanishing induced d{torsions (2.13)
and d{curvatures (2.14).
In this section we shall construct and analyze some
classes of solutions for teleparallel la{black holes and a
variant of la{renormalized BTZ black holes.
A. Teleparallel la{collapse with null fluids
We choose the N{connection coecients N1(v, r) and
N2(v, r) as to obtain a vacuum solution of la{gravity


















and it is considered that the anisotropic component of
d{metric has an arbitrary function h (v, r) (in this sub-
section we omit the dependence on the anisotropy coor-
dinate θ).
If g (v, r) = m (v) + r2 as for the metric (4.1) and
conditions (4.2), we have N1 = −j (v) /2r2, but with a
general non vanishing N2 (contrary to the imposed con-
dition (4.3)), one obtains from (5.1) an equation for the
variation of mass on coordinate v, i.e. for ∂m/∂v. The
solution, relating functions m (v) and j (v) , is
m (v) = m0 −
Z
j (v) dv,









are admitted as a solution of vacuum la{gravitational
equations (2.17).
The non{vanishing coecients of N{connection curva-
ture (2.7), d-torsion (2.13) and d{curvature (2.14) are




eR12 = − eR21 = − 1r3 ∂m∂v ,eP1 = 14r2 ∂m∂v , eP2 = − 12r
and






One follows from (5.2) that for a constant mass m (v) =
m0 the la{spacetime is teleparallel with trivial (zero)
N{curvature and d{curvature but with nonvanishing d{
torsion, eP2 = − 12r . So even a non{rotating null fluid, with
j(v) = 0, in la{spaces induces a nontrivial d{torsion.
We can equivalently model on a la{spacetime the non{
rotating BTZ black hole [2] when g (v, r) = m0 − r2
is taken for the d{metric (4.9). In this case we get a
teleparallel la{spacetime with trivial N{connection struc-
ture (see formulas (5.2) for m (v) = m0) having zero N{
and d{curvatures. Nevertheless this space is not flat be-
cause its torsion is not vanishing, eP2 = − 12r .
B. Rotating black la{holes and BTZ solution
For our purposes it is convenient to consider the d{
metric (3.6) in Kruskal{like coordinates when the null
coordinates (v, u) are dened from relations
uv = ρ2 (r) and
v
u
= ρ (r) eat
8







Taking arbitrary lapse functions N? (r) = f (r) we can
nd always (in general in non{explicit form) functions
r = r (v, u) and t = t (v, u) . The d{metric (3.6) is rewrit-
ten as
δs2 = 2q (v, u)dvdu + h (v, u) δeθ2, (5.3)
where
δeθ = deθ +N1 (v, u)dv +N2 (v, u) du.
The functions q(v, u) and h(v, u) from (5.3) solves the
Einstein la{equations (2.17) with vanishing energy mo-
mentum d{tensor and denes a la{spacetime having a















and nontrivial N{curvature (2.7),





There are non{zero coecients of d{torsion (2.13),







N1 − ∂ ln jhj
∂v

, eP2 = 12

N2 − ∂ ln jhj
∂u























































In explicit form physical solutions for la{gravity are
constructed by taking into consideration corresponding
Cauchy’s conditions and la{constraints. Various type of
la{black hole solutions with arbitrary closed boundaries
for inner and/or outer horizons can be dened from the
condition of vanishing of the lapse function on la{space.
The N{connection structure can be treated as a nonlinear
self{polarization of la{spacetime if we are starting from
the general relativity.
A locally anisotropic variant of BTZ solution is con-
structed as a particular case of the d{metric (5.3) when
the lapse function and the anisotropic component of d{
metric are respectively taken
N? = f = −m (v, u)− (a) (v, u) r2 (v, u)
+
(




for J (a) (v, u)  m (v, u) /qj(a) (v, u) j,
and
h (v, u) = r2 (v, u)
and the N{connection is induced by the shift function




N1 (v, u) =
N (v, u)
2a






The functions m (v, u) and J (a) (v, u) determine a locally
anisotropic asymptotic behavior of the solution and are
called respectively the ADM like mass and angular mo-
mentum renormalized by the local anisotropy of space
time. The (v, u){variation of the cosmological constant,
(a)(v, u), is to be renormalized by the prescribed type
of locally anisotropy of space time (N{connection struc-
ture). For a trivial N{connection we can consider the
limits m (v, u) ! m0, J (a) (v, u) ! J and (a)(v, u) ! 
being characteristic for the standard BTZ solution. A
simple subclass of la{spaces can be constructed by using
la{gravitational receptivities α(m), α(J), and α(Λ) when
the la{renormalized values are
m = α(m)m0, J (a) = α(J)J and (a) = α(Λ).
A la{gravitational media is called α(m){dispersive if
α(m) < 1 and α(m){amplifying if α(m) > 1. In a simi-
lar manner there are dened α(J){ and α(Λ){ dispersions
and/or amplications of a la{space.
The constants α(m), α(J) and α(Λ) could be considered
as prescribed phenomenological parameters characteriz-
ing the properties of a classical la{spacetime ether. One
should derive such values from a variant of quantum grav-
ity with la{interactions or from theories with dynamical
equations for N{connection. In this work the la{spaces
are induced from the 2+1{dimensional Einstein gravity
or there are elaborated and analyzed models of la{gravity
being some self{consistent extensions of locally isotropic
gravity on la{backgrounds.
For a BTZ like la{solution we consider two patches,
r
(a)
− < r < 1 and 0 < r < r(a)+ , to cover the BTZ
spacetime. The la{renormalized radia of inner and outer















The index (a) for values in (5.4) and below points to the
fact that the horizons are considered in la{spacetime.
The d{metric (5.3) must be specied in each patch:
q2+ = −(a)












eθ+ = θ +N r(a)+  t,
a+ = −(a) (r
(a)




























eθ− = θ +N r(a)−  t,
a− = −(a) (r
(a)
− )





0 < r < r(a)+

where r and t are implicit functions of u and v.
Dierent choices of receptivities α(m), α(J) and α(Λ) of
the la{spacetime continuum (ether) dene various types
of la{renormalized BTZ solutions like in a condensed
matter media there are renormalizations of the elec-
tron’s and ’hole’ ’s charge and mass (’holes’ in a con-
densed medium are positively charged vacancies of elec-
trons). A rough analogy allows us to suggest that the
la{ether of la{gravity admits renormalized black holes
and even ’hole’ black la{holes with positive mass. Like
as particles in condensed matter physics are consid-
ered as renormalized quasiparticles described by pertur-
bations of condensed media, the black la{holes could
be treated as quasi{particle nonlinear perturbations of
the la{spacetime ether, induced in a vacuum state by
an anisotropic polarization or by interactions with la{
matter.
VI. VACUUM POLARIZATION OF LA{GRAVITY
AND BLACK LA{HOLES
In la{gravity the black la{hole congurations are possi-
ble even for vacuum la{spacetimes without matter. Such
la{black holes could have la{horizons and a number of
unusual properties comparing with locally isotropic black
hole solutions. In this section we shall analyze two classes
of such solutions.
A. Non{rotating black la{holes with ellipsoidal
horizon
We consider a d{metric of type
δs2 = g (r, θ) dr2 + r2dθ2 + h(r, θ)δt2, (6.1)
where
δt = dt+N1 (r, θ) dr +N2(r, θ)dθ.
There are three non{zero components of the Ricci d{
tensor (2.15),






























The vacuum la{gravitational equations (2.18) transforms
into a system of two partial dierential equations for
a prescribed N{connection structure and into a system
of two algebraic equations for the components of N{
connection N1 (r, θ) and N2 (r, θ) if there are given arbi-

































We note that if the conditions (6.2) are satised, the
scalar curvature (2.16) vanishes and the anisotropic com-
ponent of d{metric h(r, θ) could be an arbitrary function
which is not contained in the la{eld equations but makes
contribution into induced N{ and d{curvatures and d{
torsion (the explicit formulas will be not used in this
work; we omit them).








































where p, ε, θ0 and r0 are constants. This is a Schwarz-
schild like d{metric which in la{spacetime has an ellip-




(1 + ε cos (θ − θ0))2
(6.3)
which is the square of the parametric equation of a ellipse
with parameter p and eccentricity ε and where the angle
θ0 gives the orientation of axes. If we impose the con-
dition that in the local isotropic limit we shall have the
usual BTZ solution we can express the constants p and r0
via the standard ADM mass and cosmological constant,
i. e. p2 = m0 and r20 = −1/. The eccentricity ε and
axes orientation θ0 are given by the initial conditions of
la{gravitational space polarization.
B. Rotating black la{holes with time oscillating and
ellipsoidal horizons
A new class of solutions of la{gravitational vacuum
equations (2.18) is generated by time{time components
of a d{metric
gij (t, r, θ) =

g (t, r) 1
1 0

and h (t, r, θ) = r2,
where for
g(r, t) = −m(t)− r2 + J
4r2
(6.4)
an ellipsoidal in time variable mass
m(t) =
m0
(1 + ε cos (t− t0))2
is considered. The constants in (6.4) (with  and t0 given
by initial conditions) are taken as to obtain the usual
BTZ solution in the locally isotropic limit. The vac-
uum Einstein la{equations (2.18) with components of N{

































The curves r (t) dening time oscillations of outer and
inner horizons are found from the condition of vanishing













(1 + ε cos (t− t0))2 .
The formulas (6.5) illustrate the possibility of existence
of elliptically oscillating ’hole’ black la{holes in la{gravity
vacuum. A more realistic physical model is to be con-
structed by introduction of radiation corrections.
VII. LOCALLY ANISOTROPIC (2+1){BLACK
HOLES AND LA{DISTRIBUTED MATTER
We now focus on a particular class of (2+1)--dimen-
sional black la{hole solutions determined by a local
anisotropic distribution of matter.
For a la{medium with energy{momentum d{tensor
of type (3.4) when pression vanishes, i.e 22 = 0, and

















= h(a) (v, r) ,
where the index (a) points to a la{renormalization in la{
media, and a N{connection with coecientsN1 (v, r) and
N2 (v, r) the system of la{gravitational equations (2.18)
transforms into a system of equations of type (4.11) and















The integral variety of (7.2) is dened by a set of ar-
bitrary three functions N1 (v, r) , N2 (v, r) and ρ(a) (v, r)
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and describe a large class of solutions of la{gravitational
equations with dust la{matter. Explicit solutions are
constructed if the Cauchy problem is posed in a vicinity
of a point (v0, r0, θ0) . We can consider the inverse task
when from physical considerations there are chosen the
symmetry and type of the d{metric coecients, g(a) (v, r)
and h(a) (v, r) , and density ρ(a) (v, r) , and the induced
self{consistent anisotropy is to de dened by solving (7.2)




























A non{static inhomogeneous and locally anisotrtropic




1− 2g(a) (v)− 2h(a) (v) r1−k − (a)r2

,
h(a) (v, r) = r2, (7.4)
where g(a) (v) = α(g)g (v) ,(a) = α(Λ) and h(a) (v) =
α(h)h (v) are arbitrary functions chosen as to satisfy the
dominant energy condition (the la{matter within a radius










for a la{renormalized mass




with la{gravitational receptivities α(g), α(k), and α(Λ)
and constant k  1. In the locally isotropic limit when
α(g) = α(k) = α(Λ) = 0 we obtain the Husain solution of
2+1{dimensional Einstein equations [12] which for k = 1
and g (v) = const reduces to the BTZ solution.
In la{spaces one could exist also la{renormalized elec-
trically charged black holes. For instance, the compo-
nents of d{metric (7.1) parametrized as
g(a) = −

m(a) (v) + 4piG(gr)q2(a) ln (r/r0)− (a)r2

,
h(a) (v, r) = r2 (7.5)
where q(a) = α(q)q,m(a) (v) = α(m)m(v) and G(gr) is
the gravitational constant. In the locally isotropic limit
the (7.5) transforms into the solution for a charged non{
rotating black hole [4].
The corresponding N{connection coecients admitted
by Einstein equations with dust la{density can be com-
puted by substituting g(a) from (7.4) (or (7.5) for elec-
trically charged black la{holes) into (7.3). We omit such
calculations.
VIII. ON THE THERMODYNAMICS OF
LOCALLY ANISOTROPIC BLACK HOLES
A general approach to the black la{holes should be
based on a kind of nonequilibrium thermodynamics of
such objects imbedded into la{ether continuous with pos-
sible la{spacetime dislocations and disclinations, which
is a matter of further investigations. In this section,
we explore the simplest type of black la{holes with la{
renormalized constants being in thermodynamic equilib-
rium with the la{spacetime "bath" for suitable choices
of N{connection coecients. We do not yet understand
the detailed thermodynamic behavior of black la{holes
but believe one could dene their thermodynamics in the
neighborhoods of some equilibrium states when the hori-
zons are la{deformed but constant with respect to a la{
frame.
In particular, for a class of BTZ like la{spacetimes
with horizons radia (5.4) we can still use the rst law
of thermodynamics to determine an entropy with respect
to some xed la{bases (2.4) and (2.5) (here we note that
there are developed some approaches even to the thermo-
dynamics of usual BTZ black holes and that uncertainty
is to be transferred in our considerations, see discussions
and references in [4]). We choose a timelike Killing d{





















In the approximation that the la{spacetime receptivities
α(m), α(J) and α(Λ) do not depend on coordinates we have
similar formulas as in locally isotropic gravity for the
black la{hole temperature at the boundary of a cavity of
radius rH ,







S(a) = 4pir(a)+ (8.2)
in Plank units.
For a elliptically deformed black la-hole with the outer












is the length of ellipse’s perimeter and G(a)(gr) is the three














If the eccentricity vanishes, ε = 0, we obtain the locally
isotropic formula with p being the radius of the hori-
zon circumference, but the constant G(a)(gr) could be la{
renormalized.
In dependence of despersive or amplicating character
of la{ether with α(m), α(J) and α(Λ) being less or greater
than unity we can obtain temperatures of black la{holes
less or greater than that for the locally isotropic limit.
As an example we can obtain anisotropic temperatures
T (a)(θ) if black la{holes with horizons of type (6.3) are
considered.
If we adapt the Euclidean path integral formalism of
Gibbon and Hawking [13] to la{spacetimes, by perform-
ing calculations with respect to a la{frame, we develop
a general approach to the black la{hole irreversible ther-
modynamics. For la{backgrounds with constant recep-
tivities we obtain similar but la{renormalized formulas
as in [3,6,4].





dr2 + r2δθ2 (8.3)
where t = iτ and the Euclidean lapse function is taken
with la{renormalized constants, as in (5.5) (for simplicity,
there is analyzed a nonrotating black la{hole),












































1A1=2 expqj(a)jr(a)+ θ ,
the d{metric (8.3) is rewritten in a standard upper half{












+ dχ2 + δθ2

.
The coordinates (ς, χ, θ) are standard spherical coordi-
nates for the upper half{space,
(x, y, z) = (ς cos θ cosχ, ς sin θ cosχ, ς sinχ)
and the periodicity on angular coordinate θ requires the
identity




jΛ(a)jr(a)+ , χ, θ

.
The coordinate transform (8.4) is non{singular at the
z{axis r = r(a)+ if we require the periodicity
(θ, τ) 














is the inverse la{renormalized temperature, see (8.1).
To get the la{renormalized entropy from the Euclidean
la{path integral we must dene a la{extension of the







where I(a)E is the Euclidean la{action. We consider as for
usual locally isotropic spaces the classical approximation
Z(a)  expfI(a)E [g]g, where as the extremal d{metric g is
taken (8.3). In (8.6) there are included boundary terms
at r(a)+ and 1 (see the basic conclusions and detailed
discussions for the locally isotropic case [3,6,4] which are
also true with respect to la{bases).




E [g] = 4pir
(a)
+ − β(a)0 m
which corresponds to the la{entropy (8.2) being a la{
renormalization of the standard Bekenstein entropy.
IX. CHERN{SIMONS THEORIES AND
LA{GRAVITY
In order to compute the rst quantum corrections to
the la{path intergral (8.6), inverse la{temperature (8.5)
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and la{entropy (8.2) we take the advantage of the Chern{
Simons formalism generalized for (2+1){dimensional la{
spacetimes.
By using the la{renormalized cosmological constant
(a) and adapting the Achucarro and Townsend [1] con-
struction to la{frames we can dene two SO(2,1) gauge
la{elds (on gauge la{theories see [22])
Aa = ωa +
1q(a)ea and eAa = ωa − 1q(a)ea
where the index a enumerates a la{triad ea = eaδx and
ωa = 12
abcωbcδx
 is a spin d{connection (d{spinor cal-




CS [A]− I(a)CS [ eA] (9.1)
with the Chern{Simons action for a (2+1){dimensional














where the coupling constant
k(a) =
q(a)/(4p2G(gr))
and G(gr) is the gravitational constant. The one d{form









= −abdηdc, ηab = diag (−1, 1, 1) , 012 = 1
and considering Tr as the ordinary matrix trace we write
[Ta, Tb] = f
c
ab Tc = abdη











If the manifold eE is closed the action (9.1) is invariant
under la{gauge transforms
A! A = q−1Aq + q−1δq.
This invariance is broken if eE has a boundary ∂ eE. In this









which results in a term proportional to the standard chi-




























@eE Tr (q−1δvq (q−1Aq+ 112pi
Z
eE Tr (q−1δq3 .




v = eA+ = eA+v = 0.
By applying the action (9.1) with boundary terms (9.3)
and (9.4) we can formulate a statistical mechanics ap-
proach to the (2+1){dimensional black la{holes with la{
renormalized constants when the la{entropy of the black
la{hole can be computed as the logarithm of microscopic
states at the la{horizon. In this case the Carlip’s results
[5,14] could be generalized for black la{holes. We present
here the formulas for one{loop corrected la{temperature

























We do not yet have a general accepted approach even to
the thermodynamics and its statistical mechanics foun-
dation of locally isotropic black holes and this problem
is not solved for black la{holes for which should be asso-
ciated a model of nonequilibrium thermodynamics. Nev-
ertheless, the formulas presented in this section allows
us a calculation of basic la{thermodynamical values for
equilibrium la{congurations by using la{renormalized
constants.
X. OUTLOOK AND DISCUSSION
This paper is in a series of exploratory works on the
issue of physical properties of models of gravitational and
matter eld interactions with generic local anisotropy
(la). If one of the main purposes of the rst our works
[18,19] was to set up a sound geometrical formalism to
tackle with as much generality as possible any ques-
tion related with extended Finsler{Kaluza{Klein (su-
per)theories obtained alternatively in the low{energy lim-
its of (super)string models [19], the recent our contribu-
tions [20,22] are connected with exact solutions of la{
gravitational and la{string equations and their possible
implementations in modern cosmology and astrophysics.
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The class of models with local anisotropy based on tra-
ditional Finsler geometry happen to be less physically ac-
ceptable in the framework of established canonical high
energy and gravitational theories. But a more general
approache based on modelling of eld interactions and
spacetimes on generic anholonomic vector bundles (pro-
vided with compatible nonlinear and distinguished con-
nections and metric structures) is quite suitable for a
general mathematical formalism working for both type
of locally isotropic and locally anisotropic physics.
In general relativity it is assumed in non{explicit
form the postulate: the matter always (even being
anisotropic) gives rise to a locally isotropic ge-
ometry, which is contained in the structure of Einstein
equations for a metric gij(xk) on a (pseudo) Riemannian
space:
Gij(xk) ’
the Einstein tensor for a





where xi, i = 0, 1, ..., n− 1 are coordinates on spacetime
M and ya, a = 1, 2, ...,m, are parameters (coordinates)
of anisotropies. So, the Einstein theory formulated in
the framework of (pseudo) Riemannian geometry is con-
sidered to be locally isotropic. Nevertheless, as we have
shown in Section III, in general relativity there are also
admitted locally anisotropic spacetime structures which
are parametrized by solutions of Einstein equations with
corresponding ansatz of metrics.
Recent cosmological experimental data on anisotropy
of distribution of matter in Universe and an evident
anisotropy of background radiation suggest the idea
that the spacetime continuum could have a generic lo-
cally anisotropic structure mutually related with the
anisotropic distribution of matter. Even a such proposal
could be treated as very radical if we start only from
experimental observations, the logical aspects of classi-
cal and quantum theories with various variants of locally
anisotropic interactions, inhomogeneous and stochastic
processes suggest the imperative possibility that physi-
cal models should be extended and elaborated on bundle
spaces provided with some more general geometric struc-
tures connected with the spacetime anisotropy, dimen-
sional reductions and fluctuations.
The eld equations of locally anisotropic gravity are of
type
G(xi, ya) ’ T(xi, ya)
where the Einstein tensor is dened on a bundle (gen-
eralized Finsler) space, xi are usual coordinate on the
base manifold and yb are coordinates on the bers (pa-
rameters of anisotropy), in general dimfxig 6= dimfybg.
As a matter of principle this is a usual Einstein theory
but on generic nonhlonomic manifolds (vector bundles)
with locally adapted nonlinear connection (equivalently,
anisotropy) structure.
In this paper, as a rst step, we have investigated a
model of (2 + 1)-dimensional la{gravity induced from
the three dimensional general relativity and developed
it for the class of arbitrary compatible nonlinear connec-
tion (N{connection) and distinguished metric (d{metric)
structures. We have restricted ourselves to template fam-
ilies of solutions of the Einstein la{equations describ-
ing black la{hole objects for suitable choices of locally
anisotropic congurations given by N{connection struc-
tures. Our preliminary results are that "black{hole{like"
solutions can be obtained from at least of three types of
la{spacetimes: alternatively induced from usual Einstein
spaces, for teleparallel la{spaces and from generic locally
anisotropic vacuum gravitational and/or interacting with
matter elds.
On a lower key our work was simply intended as the
presentation for the rst time of some analytical black
hole solutions for la{gravity. We tried to leave as free
parameters and arbitrary functions the coecients of N{
connections whatever simulations allowed us to do this.
The point was to nd out what exactly must be decided
in order to relate the usual Einstein gravity with the so{
called "very sophisticate" generalized Finsler gravity. We
have concluded, for instance, that there are not much dif-
ferences between locally isotropic and anisotropic models
if we work on bundle spaces and note that the paradigm
proposed here can be easily adapted to higher dimension
and string theories in order to generate new classes of
black la{hole and cosmological solutions [21]. This anal-
ysis is now under progress.
We also managed to treat exactly (within the model)
the physical meaning of obtained la{black hole solutions.
To do this we worked in the neighborhood of locally
isotropic congurations and linked our constructions with
well known results from lower dimensional black hole
thermodynamics and statistical mechanics.
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